Introduction

I
n the theory and practice of real estate appraising, one of the unresolved issues is determination of trading discounts. The Russian real estate market is structured in such manner that there is a lot known regarding offers to sell and very limited access (for the appraiser) to information about completed transactions with the actual sales prices. For this reason, it is very inconvenient to find statistics reflecting the offer price and the transaction price for one and the same object of real estate. In practice, appraisers often use "expert" surveys and average out the data obtained. In rising markets, the errors made are quickly compensated by dynamic changes in prices. In present-day conditions, such an approach often does not reflect the real picture.
With the introduction of the institution of cadastral inventory, new possibilities arose to establish the analytic dependence between the offer price and the transaction price, consequently to determine the trading discount.
The model
The model is based on the assumption that that bid prices and purchase prices follow lognormal distribution. Cadastral values were determined in 2014 as market values, and also followed lognormal distribution. Such a form of distribution of prices in real estate was pointed out not only by Aitchinson and Brown (the researchers of the University of Cambridge) back in 1963 [1] , but also by authors of relatively recent publications [2] [3] [4] . Rusakov [5; 6] proved that prices formed by sequential comparisons under conditions of perfect competition aim at formation of lognormal distribution of the population. Market value is understood to mean the most probable price at which the object can be disposed of on the open market under conditions of perfect competition. This understanding fully corresponds to the definition of market value given in the Russian Federal Low No. 135 "About valuation activity" [7] and to foreign appraisal standards [8] [9] [10] [11] . For one-dimensional random variables, this leads to an understanding of market value as the modal value of the respective random variable, and in cases of two-dimensional or multidimensional random variables -for the study of the most probable values of multi-dimensional random variables, for example, when studying adjustments [12] , the analysis of the auction results [13] , the determination of the capitalization ratio corresponding to the current market conditions [14] and other tasks in which the need to review the system of random variables arises.
Since collecting statistics containing the bid prices and purchase prices for each object is inconvenient, one can collect the statistics by the pairs "cadastral value -bid price" and "cadastral value -purchase price" then show the analytical dependences and finally show the dependence relationship of the transaction price on the offer price.
For example, if we suppose that the random variables and ( -cadastral value, -offer price) follow lognormal distribution, then given a fixed cadastral value the most probable price (market value appraised using offer prices without consideration of trading discounts) equals: (1) where , -the parameters of lognormal distribution for the cadastral value; -the parameters of lognormal distribution for the bid prices; -the correlation coefficient.
The straightforward finding of this formula is given in the works [14; 15] . We note that the formula (1) describes the dependence of market value without considering trading discounts DATA ANALYSIS AND INTELLIGENCE SYSTEMS from the cadastral value in the form of a power function: ,
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A similar formula can be written as well for appraising market value using purchase prices ( ):
,
(here , is the parameters of lognormal distribution of purchase prices, is the correlation coefficient of the pair "cadastral valuepurchase price").
Then, expressing v through (from the formula (2)) and substituting in the formula (3), we obtain the price dependence of the most likely transaction price from the most probable bid price :
. (4) It is obvious that this dependence also is a power function.
Let us introduce the coefficient -the ratio of the most probable purchase price to the most probable bid price. From formula (4) we see the power dependence of the coefficient from the most probable bid price:
From formula (5), it is apparent that the trading discount is not constant and given the defined parameters of the laws of distributions of bid prices, purchase prices and cadastral values can significantly change for different offer prices.
Calculation example
For our calculations, we have selected data from the Real Estate Bulletin No. 1758 (December 2016) 1 , data from the cadastral records of objects in the residential housing stock of St. Petersburg published in [16] , on the basis of the report [17] and data from one of the St. Petersburg real estate agencies which presented on a confidential basis its data on the prices of 294 actual transactions in 2017. The information presented by the agency relates only to necessary numerical indicators and does not contain any personal data. Adjustments for time during 2017 were not made inasmuch as there were no significant changes on the market. Unfortunately, databases of an advertising nature such as the "Real Estate Bulletin" do not contain data from the cadastral records (above all, the cadastral number, as the unique identifier of the object and of its cadastral value). The community of appraisers should consider the possibility of creating databases containing not only the market information and description of the price-forming factors but also data from the cadastral records, because the cadastral number is the unique identifier of all real estate objects. If all databases contained the cadastral number (and data from the cadastral records), then it would be possible to integrate the data from various databases into one and examine the multi-dimensional random variables. For the moment, we have to apply other technique to identify the objects. In particular, for data taken from the "Real Estate Bulletin," we succeeded in identifying (establishing the cadas-tral number and cadastral value) of more than 2300 objects. In Figure 1 we presented the scatter-plot charts of the pairs "cadastral valuebid price," "cadastral value -purchase price" for secondary real estate in St. Petersburg in 2017, for the mass-market segment (the premium segment was not examined as it is a segment requiring separate study).
Empirical distributions of bid prices, very often, do not allow us satisfactorily to approximate right away lognormal distribution. This is explained, above all, by the fact that the market data are a mixture of distributions of prices for objects of various classes. The task of separating out the mixtures belongs to the class of incorrect tasks and cannot be solved by mathematical methods only. Fortunately, in the evaluation of a property, to separate out the mixtures you always can use a set of priceforming factors, part of which is reflected in the market databases. In the given case, a satisfactory approximation was obtained after removing from the sample objects relating to the premium segment and removing an insignificant number of outliers with abnormally elevated expectations of sellers (the remaining size of the sample -2331 objects). The approximating surfaces are presented in Figure 
2.
The approximating surfaces have been tested by the circular KS test [14; 15] . The results are presented in Figure 3 .
In the test for the pair "cadastral value -bid price," the minimal value -value comes to 0.055; and for the pair "cadastral value -purchase price" -the -value equals 0.33. The values obtained provide a basis for not rejecting the hypothesis of combined lognormal distribution.
When modeling, we obtained the following sample values of the parameters of combined lognormal laws of distribution. For the pair "cadastral value -bid price," =4. 53 Both dependences are presented in Figure 4 .
The dependences obtained for valuations of market value come from different statistics: for market data -on the basis of announcements of sales and for sales data, real estate agencies. These dependences are built on analysis of data from various samples. The objects from these samples are various and are in no way connected to one another except for cadastral values.
Objects having the same cadastral value are not necessarily placed on sale and sold for the same price. However, if when determining the cadastral value the following principle is observed -"cadastral value is determined as the market value obtained by the methods of mass evaluation on the date of appraisal" -then the appraiser has the right, when constructing his valuation, to proceed from the assumption that two such objects have roughly the same market value. Furthermore, since the cadastral value is established for the purposes of taxation, the principle of social justice presupposes that for objects with identical market value the owners should pay the same taxes. That is precisely why the task of periodic review of cadastral value arises.
In our case, cadastral value also acts as the instrument for highlighting the dependence between the bid price and the purchase price (or between the bid price and the multiplier coefficient determining the trading discount). By substituting the values of the coefficients (6) and (7) in the formulas (4) and (5) Both dependences are presented in Figure 5 .
The dependence indicated in the right chart of Figure 5 de facto describes the valuation of the trading discount in the sector of secondary real estate in St. Petersburg in 2017. As we see, the valuation of the trading discount is not constant. For the sector of secondary residential real estate in the mass-market segment, at a bid price of 140,000 rubles/ sq.m. it can amount to 35%. In addition, this same line shows that a bid price below 70,000 rubles/sq,m. should be applied with caution. For example, a bid price of 60,000 rubles/sq.m. lags behind the most probable sale price by 10% (approximately 66,000 rubles/sq.m.). However, this does not mean that the seller, having received such information, must immediately set a price as much higher as possible. Most sellers proceed from rational considerations, weighing the time for showing on the market with their own need for cash and with their wish to sell the object more expensively. Basically such information is needed by the community of appraisers to make a justified selection of trading discount when appraising objects of real estate. 
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Conclusion
The creation of the institution of cadastral value in the Russian Federation opens new, previously inaccessible methods of analyzing the real estate market and evaluating market figures, in particular, determination of the trading discount.
Cadastral value determined as the market value on the date of appraisal prior to the date of its regular review is an important analytical tool, and not just the basis for calculating the property tax.
The proposed approach (juxtaposition of bid prices and purchase prices with the cadastral value determined by methods of mass evaluation as market value on the date of appraisal) can be applied also when adjusting cadastral value. We examine this question in detail in the recently published article [18] , which we were prompted to write following the lively discussion in the community of appraisers over the quality of determination of cadastral value. A detailed analysis of the methodological problems of determining cadastral value can be found in the article of Professor Korostelev [19] .
